The traditional theory for binary homogeneous nucleation follows the classical derivation of the nucleation rate in the supposition of a hypothetical constrained-equilibrium distribution in the calculation of the cluster evaporation rate. This model enables calculation of the nucleation rate, but requires evaluation of the cluster distribution and cluster properties for an unstable equilibrium with supersaturated vapor. An alternate derivation of the classical homomolecular nucleation rate eliminated the need for this nonphysical approximation by calculating the evaporative flux at full thermodynamic equilibrium. The present paper develops that approach for binary nucleation; the framework is readily extended to ternary nucleation. In this analysis, the evaporative flux is evaluated by applying mass balance at full thermodynamic equilibrium of the system under study. This approach eliminates both the need for evaluating cluster properties in an unstable constrained-equilibrium state and ambiguity in the normalization constant required in the nucleation-rate expression. Moreover, it naturally spans the entire composition range between the two pure monomers. The cluster fluxes derived using this new model are similar in form to those of classical derivations, so previously developed methods for evaluation of the net nucleation rate can be applied directly to the new formulation.
I. INTRODUCTION
Binary and ternary nucleation have received considerable attention in recent years due to the growing recognition of the significance of these new particle formation mechanisms to the atmospheric aerosol, and to a wide range of other problems in science and technology. Stratospheric aerosols that catalyze ozone depletion are thought to result from binary nucleation. 1 Although it has long been presumed that tropospheric aerosol concentrations were sufficiently high to suppress new particle formation, recent studies have shown that multicomponent nucleation generates substantial concentrations of new, ultrafine particles in environments ranging from the boreal forest 2, 3 to polluted urban atmospheres. 3, 4 The theory of the rate of binary nucleation describes the passage of clusters over a saddle point in the free energy of cluster formation. Reiss 5 first derived the theoretical rate of binary nucleation of liquid droplets from a mixture of vapors by assuming that the cluster flux over the saddle follows the direction of steepest descent on the free energy surface in the vicinity of the saddle point. Later investigators [6] [7] [8] showed that the direction of passage deviates from that direction due to the kinetics of cluster growth, and developed concise and general equations for evaluating the total rate of formation of stable clusters. Numerous studies have attempted to improve theoretical predictions by focusing on the nature of the free energy surface. 1, [9] [10] [11] [12] A common thread through these studies is the evaluation of a cluster distribution that is equilibrated with supersaturated vapor. To maintain this unstable equilibrium would require a constraint, sometimes portrayed as a Maxwell demon, to preclude the formation of clusters well beyond the critical cluster size. As in the classical homomolecular nucleation theory, the supersaturated equilibrium is introduced in the determination of the rate of monomer loss from growing clusters by using a kinetic theory estimate of the rate of monomer addition in the supersaturated state and applying the law of mass action to determine the reverse rate. Numerous investigators have reported on efforts to improve the estimation of this hypothetical constrained-equilibrium cluster distribution by imposing self-consistency conditions on the cluster surface free energy. [13] [14] [15] [16] [17] In an alternate derivation of the homomolecular ͑single-component͒ homogeneous nucleation rate, Katz and Wiedersich 18 ͑KW͒ showed that the hypothetical constrained-equilibrium cluster distribution is an unnecessary artifice. Instead of evaluating the evaporative flux at the supersaturated state, mass action was applied at full thermodynamic equilibrium to determine that flux. The resulting steady-state rate expression was the same as the classical rate, but the ambiguity involved in evaluating the constrained-equilibrium cluster distribution and in estimating cluster properties, such as surface free energy, at a supersaturated state was eliminated. The KW model has previously been applied to a number of homomolecular nucleation problems, including nucleation of single pure phases in condensed systems, 19 and particle formation in systems undergoing chemical reactions. 20 The present paper extends the KW model to binary and multicomponent nucleation. The paper begins with a brief reprise of the classical binary nucleation theory, derives the extended KW nucleation model, and then examines the equi-librium cluster distribution in order to enable comparison between the new kinetic model and the classical form. The new model resolves a long-standing question about the normalization constant that is required to evaluate the equilibrium ͑or constrained-equilibrium͒ cluster distribution, naturally reducing to the expected result in the unary ͑single-component͒ cluster limit.
II. TRADITIONAL BINARY NUCLEATION THEORY
Binary nucleation can be described as the kinetics of a number of reversible monomer addition reactions. The net rate of addition of A molecules to an A i B j cluster is
and the rate of addition of B molecules is
where ␤ denotes the flux of monomer to the clusters, s i,j is the surface area of an ͕i , j͖ cluster, N i,j is the concentration of ͕i , j͖ clusters, and e i,j is the frequency of evaporation of a molecule of species from an ͕i , j͖ cluster. New particles form directly from the vapor phase when the rate of monomer addition to clusters of a critical size exceeds the rate of evaporation of clusters of that size. This occurs when the vapor phase is supersaturated with respect to an equilibrium condensed phase. Calculation of that nucleation rate requires determination of the rates of addition of both monomers to the cluster, and the rates at which both monomers evaporate from the cluster. The monomer arrival rates can be calculated from the kinetic theory of gases. The evaporation rate is calculated by applying the principle of microscopic reversibility at a hypothetical, constrained-equilibrium state wherein the clusters are equilibrated with the supersaturated vapors. In this hypothetical state, the cluster flux must be zero to maintain the constrained equilibrium, i.e.,
from which
Substituting these evaporation coefficients into Eqs. ͑3͒ and ͑4͒ yields
ce ͪ .
͑8͒
For sufficiently large i and j, N i,j and N i,j ce can be replaced with continuous functions of i and j, and the differences can be approximated by derivatives, leading to
͑10͒
The time rate of change of clusters of size ͕i , j͖ is then 
ͪͬ. ͑11͒
The rate of new particle formation can be evaluated by solving for the transient population of ͕i , j͖ clusters using Eq. ͑11͒ numerically, 10 or, more commonly, by solving for the steady-state nucleation rate by setting ‫ץ‬n͑i , j͒ / ‫ץ‬t = 0. Both approaches require evaluation of the constrained-equilibrium cluster distribution, which is usually cast in the form
where the dimensionless reversible work of forming the ͕i , j͖ cluster is generally taken to be
͑13͒
Here R p is the radius of the cluster, i,j is the surface tension of a cluster of size ͕i , j͖, x i,j and ␥ i,j are the mole fraction and activity coefficient of species in a bulk solution with the composition of that in the core of a cluster consisting of i molecules of A and j molecules of B, respectively, and S = p / p sat is the saturation ratio for species . In the special case that the composition is uniform throughout the cluster, i.e., one in which the binary system does not exhibit surface activity, and the surface tension is not a function of composition, the mole fraction in the cluster solution becomes x A i,j = i / ͑i + j͒, and the activity in the cluster solution is the same as that in a bulk solution of the same composition. On the other hand, if the binary system does exhibit surface active behavior, A and B will not partition equally between the core solution and the surface of the cluster. Laaksonen et al. 21 provide a detailed discussion of approaches for treating this more complex problem.
Reiss 5 suggested that the reference vapor concentration should be N 0 = N A + N B , although this leads to incorrect results in the unary limit, 10 i.e., for clusters containing either pure A or pure B. Wilemski and Wyslouzil 10 developed an ad hoc construction for the reference vapor concentration that overcomes this weakness. The physical interpretation of this scaling factor remains uncertain.
Following Stauffer 6 and Trinkaus 7 the cluster balance equation, Eq. ͑11͒, can be expressed concisely as
where J is the cluster current vector in composition space, i, and the matrix R = ␤s͑i͒ represents the monomer attachment rate to a cluster i, which may include off diagonal elements if vapors associate, e.g., hydrates in sulfuric acid/water binary nucleation. The steady-state nucleation rate is found by expanding ͑i͒ about the i * cluster corresponding to a saddle point in up to second order terms, i.e.,
The resulting steady-state nucleation rate is
where is the negative eigenvalue of R · w. In this formulation, passage over the saddle proceeds in a direction determined by the kinetic parameters; Wilemski 8 obtained an equivalent result in terms of the orientation angles of the saddle and the cluster fluxes.
III. KINETIC THEORY OF BINARY NUCLEATION

Katz and Wiedersich
18 eliminated the hypothetical constrained equilibrium in homomolecular ͑single-component͒ nucleation by evaluating the evaporation rate at full thermodynamic equilibrium where, as earlier observed by McDonald, 22 clusters are present at concentrations that generally decrease continuously with increasing cluster size. Following their approach for binary nucleation, we note that the equilibrium cluster fluxes are where ␤ e denotes the flux of monomer to the surface of the cluster at full thermodynamic equilibrium. Assuming that the evaporation flux depends on the state of the cluster, and not on that of the surrounding gas, i.e.,
the cluster growth rates can now be written as
͑23͒
This may be rearranged to form
ͬ .
͑25͒
In order to recover the symmetry of condensation and evaporation terms that enables solution for the steady-state nucleation rate, KW ͑Ref. 18͒ multiplied and divided by the ratio of the actual and equilibrium rates of the monomer fluxes raised to the appropriate power. Following their approach, we find
͑27͒
While Eqs. ͑26͒ and ͑27͒ are recursive in terms of the individual species, they do not provide the full symmetry needed to recover the classical result for multicomponent nucleation. An additional multiplication and division brings the result we seek, which can be expressed concisely as
where
͑30͒
It is important to note that ␤ A e and ␤ B e represent the fluxes of A and B at the same equilibrium state used to evaluate N i,j e rather than at the saturation partial pressures over pure liquid of that species.
For large i and j, the properties of the clusters and the cluster distribution can be expressed as continuous functions, i.e., 
ͪͬ, ͑33͒
which is identical in form to Eq. ͑11͒, although f͑i , j͒ can no longer be interpreted as the constrained-equilibrium ͑or equilibrium͒ cluster distribution.
Extension to ternary nucleation of species A, B, and C is straightforward, yielding
IV. EQUILIBRIUM CLUSTER DISTRIBUTION
The equilibrium cluster distribution must be known to evaluate the nucleation rate. We are considering a system in which multiple vapors are present, initially in a supersaturated state. The classical theory of binary nucleation considers the distribution of clusters in a constrained equilibrium with the supersaturated vapor, whose composition is specified. The present analysis focuses on the state of full thermodynamic equilibrium. This is a well-defined state, although the concentrations of the vapor species will differ from the initial state. Because of differences in the volatility of the vapors, even the relative vapor concentrations will differ from the initial state once condensation begins. The equilibrium composition of the vapor phase is, however, readily determined. The discussion that follows will evaluate that equilibrium state, and show that use of the full thermodynamic equilibrium cluster distribution resolves the longstanding ambiguity in the cluster concentration normalization constant that has been the subject of extensive discussion in the nucleation literature. 10 Any system containing the two vapors in equilibrium over a bulk solution can produce clusters with the entire range of possible compositions, but the equilibrium partial pressures will vary depending on the starting composition. At equilibrium between pure liquid and pure vapor, the partial pressure of vapor of species is p = p sat and To determine the partial pressures of each of the species in the system, it is necessary to determine the partitioning of all vapors between the vapor and liquid solution phases.
The superscript e serves as a reminder that the activity coefficients and solution mole fractions for all species are evaluated at the state of full thermodynamic equilibrium. Before deriving the equilibrium composition, it is useful to examine the cluster distribution in the equilibrium state. The cluster A i B j can be viewed as the product of the "reaction" iA + jB A i B j .
At equilibrium, the Gibbs free energies for the cluster vapor and the monomeric vapor reactants are equal,
where the A i B j vapor is assumed to be an ideal gas with partial pressure p i,j e . The cluster can be modeled as a droplet of liquid with free energy corresponding to bulk liquid with composition x A i,j , but corrected for finite size and, if necessary, surface activity effects by introducing a term, ⌫ i,j , i.e.,
͑40͒
Only if the binary system does not exhibit surface activity will the mole fractions correspond to the ratios of the total numbers of molecules in the cluster, i.e., only then will x A i,j = i / ͑i + j͒. In that case, ⌫ i,j =4R p 2 will then be a function of size, but will not depend on the cluster composition. On the other hand, if the binary system does exhibit surface activity, the mole fractions will be those in the core liquid of the ͕i , j͖ cluster and the analysis becomes considerably more complex. The methods described by Laaksonen et al. 21 can then be applied to properly define the surface of tension and evaluate ⌫ i,j .
Substituting Eq. ͑40͒ into Eq. ͑39͒ and rearranging yields the equilibrium cluster partial pressure,
͑41͒
The cluster number concentration is simply N i,j e = p i,j e / kT. If one further substitutes Eq. ͑38͒, the cluster vapor pressure can be expressed as products of the saturation vapor pressures and ratios of the activities in the equilibrium bulk solution to those in the cluster solution, i.e.,
Equation ͑42͒ has another important property. In the limit where j → 0,
which is the proper unary distribution of A clusters in the final equilibrium state over the bulk solution. Thus, once the equilibrium partitioning between vapor and bulk liquid phases is determined, the cluster distribution can be easily evaluated. The ambiguous normalization constant that arises in the classical derivation is eliminated. Furthermore, the present analysis imposes no assumptions about the nature of the size-dependent correction to the cluster free energy while one might apply the classical capillary approximation assuming that ⌫ i,j =4R p 2 , where is the bulk surface tension, models that fully account for size, shape, compositional, and surface activity effects can readily be integrated into this new formulation. The equilibrium cluster distribution is expressed explicitly in terms of the partial pressures of the vapor species at full thermodynamic equilibrium.
To determine the relevant equilibrium vapor and liquid compositions, consider first a system that initially contains a supersaturated mixture of vapors A and B, such that the initial mole fractions of the vapors are z A and z B , where z = p / p is the ratio of the partial pressure of gas and p is the total system pressure. ͑Note that, in the absence of a background gas, the initial pressure would exceed the pressure at equilibrium.͒ The full thermodynamic equilibrium of this mixture is one in which some of the vapor will have condensed to form a bulk liquid, and some will remain in the vapor phase as monomers and clusters. This is illustrated in the phase diagram for the vapor/liquid system, Fig. 1 . In the usual view of the vapor/liquid phase diagram for a mixture, the region above the upper curve would correspond to compressed liquid; here it shows the unstable region of supersaturated vapor from which we seek to establish equilibrium by condensing vapor. The uppermost curve denotes the composition of the liquid that remains when the two phases equilibrate, while the lower curve provides the composition of the vapor. The equilibrium compositions of the liquid and vapor phases will generally differ from that of the initial mixture and from each other, except when the mole fraction of either species equals zero and a single species equilibrium is established. The vapor pressure in the equilibrium state, p v e , includes the contributions of A, B, and any clusters that may form. There still remains uncertainty as to what vapor pressure will result from equilibration. It is convenient to express the cluster distribution in terms of the fraction of vapor "molecules" that are clusters of size ͕i , j͖, which we denote i,j . The total vapor concentration is the sum of the contributions of both monomers and clusters of all sizes and compositions, i.e.,
from which we find
We must now determine the full equilibrium state of the mixed vapor system. To evaluate the equilibrium state of a system that begins with nonequilibrium partial pressures, p A 0 and p B 0 and an overall system pressure p maintained by a background gas C, we must determine both the compositions and the relative amounts of the vapor and liquid phases. Mole balances on all three species can be expressed as
The contributions of clusters to the mole balances of A and B are denoted by the coefficients a and b, respectively, viz.,
Dividing by the total number of moles in the initial vapor phase, The sum of the mole fractions of vapors, clusters, and background gas is
͑56͒
The vapor and liquid mole fractions are related through extended Raoult's law, Eq. ͑38͒, which may be expressed as
While a numerical solution to the general problem can be found ͑see Appendix͒, Reiss' approximation that clusters contribute little to the mole balance is generally excellent and simplifies the analysis. In the limit of small a, b, and ␦, Eqs. ͑51͒-͑53͒ can be rearranged to yield
Noting that the sum of the mole fractions in both the gas and bulk liquid phases must add to unity, the difference between these sums becomes
With minor rearrangement, we obtain a quadratic in v, i.e.,
Of the two roots, one satisfies the condition 0 ഛ v ഛ 1, from which the equilibrium state can be fully determined. If ␦, a, and b are not negligible, this approximation provides a first approximation from which the true values can be found by iteration using the more general solution presented in the Appendix. Given v, the compositions of the vapor and liquid phases at full thermodynamic equilibrium are readily determined.
Returning to the evaluation of the nucleation rate, we now find 
͑63͒
For ideal vapors, the ratios ␤ A / ␤ A e = S A e and ␤ B / ␤ B e = S B e are the saturation ratios of the two vapor species relative to the full thermodynamic equilibrium state rather than relative to the usual pure saturated vapor state. The present thermodynamically consistent approach to the evaluation of the nucleation kinetics replaces the ad hoc specification of the proportionality constant N 0 with the total vapor concentration, N v,e . The nucleation-rate surface i,j has a functional form that is similar to that of the reversible work of cluster formation in the constrained equilibrium, i.e., i,j , but now the saddle is seen to represent a purely kinetic barrier to stable cluster formation. An additional term is found in the massweighted ͑i.e., i , j͒ portion of the surface, while the surfaceweighted part ͑⌫ i,j ͒ is unchanged. With appropriate thermodynamic data to determine the evaporation rate parameters, the well established methods for calculation of the binary nucleation rate, e.g., Refs. 5-8 and Eq. ͑16͒, can be used directly to derive the net nucleation rate from the rate equations derived above.
V. CONCLUSIONS
The present paper has shown that the assumption of the constrained-equilibrium cluster distribution in the derivation of the theory of binary or multicomponent nucleation is an unnecessary artifice that can be eliminated by applying the law of mass action at a state of full thermodynamic equilibrium of the starting mixture. The specification of a rational equilibrium state further eliminates ambiguity in the scaling factor ͑reference concentration͒, and produces consistent results in the limit of single vapor nucleation. The mathematical form of the cluster rate equations in this new derivation is similar to that produced by the classical binary nucleation theory, so the calculation of the nucleation rate will follow the same form as in the traditional treatment. The simplifications introduced through the capillarity approximation can be introduced, but extension to models that more accurately account for the variation of the cluster free energy with cluster size and surface activity effects on the cluster free energy is also possible.
